Abstract. We construct an even weight W monotone on the right half line such that the logarithmic integral of the largest log-convex minorant of W converges and the polynomials are dense in C(W ).
Theorem B (L. de Branges [3] The weight W is assumed to be continuous in the original formulation [3] ; however, the result holds for lower semicontinuous W as well (see [10] ).
The criteria on W in Theorems A and B are not completely explicit. That is why it is rather natural to seek simple necessary (sufficient) conditions for the density of the polynomials. In this direction we mention two results. The first one is contained in a 1937 paper [7] by S. Izumi and T. Kawata. Later on, several authors obtained this result in different forms.
Theorem C. If W is even, log W (exp x) is a convex function, and
∞ −∞ log W (x) x 2 + 1 dx = +∞,
then the polynomials are dense in C(W ).
Theorem D (T. Hall [5] ). If
then the polynomials are not dense in C(W ).
Given an even weight W consider its largest (even) log-convex minorant W ,
Theorems C and D solve the Bernstein problem for even weights W unless
T. Hall conjectured in [5] that in the case (1), the polynomials are not dense in C(W ); L. Carleson produced in [4] a counter-example to this conjecture.
Let us present a version of this example based on (the simple part of) Theorem B. We start with an entire function B of zero exponential type,
A simple calculation (see [8] , p.166) shows that
, n → ∞, and, hence,
Furthermore, for every divisor F of B represented by the canonical product of genus zero with zero set Λ F ,
weight. By (3), lim |x|→∞ |x| −ε log W (x) = 0, ε > 0, and as a consequence, we get the second relation in (1) . To verify that the polynomials are dense in C(W ), note that for every divisor F of B such that F / ∈ P we have by (4),
By Theorem B we obtain that the polynomials are dense, and the first relation in (1) follows from Theorem D.
In this example the weight W behaves rather irregularly; it is a natural question whether the polynomials are dense in C(W ) if an even weight W is non-decreasing for x ≥ 0, and relations (1) hold.
A weight W satisfying these conditions and such that the polynomials are not dense in C(W ) is given in [8] , Section VII.A.4. (Essentially, this W is equal to exp x k on (x k , x k+1 ] for sufficiently rapidly growing x k .)
The aim of our note is to prove the following result.
Theorem 1. There exists an even weight W increasing on the positive half-line and satisfying relations (1) such that the polynomials are dense in C(W ).
An elementary argument reduces our problem to that of finding a weight W 1 increasing on [0, +∞) and equal to +∞ on (−∞, 0) such that
and the polynomials are dense in C(W 1 ). Indeed, (5) implies the second relation in (1) for W (x) = (|x| + 1)W 1 (x 2 ). Suppose that the polynomials are not dense in
, and get L ± , P = 0. As the set C ∞ 0 of infinitely differentiable functions with finite support is dense in C(W ), and every g ∈ C ∞ 0 is a sum of h(x 2 ) and xh 1 (x 2 ) for some h, h 1 ∈ C ∞ 0 , so at least one of L ± is different from 0. Thus, the polynomials would not be dense in C(W 1 ). This contradiction shows that the polynomials are dense in C(W ), and by Theorem D, we get the first relation in (1) .
Given a function ϕ vanishing on (−∞, 0] and increasing on [0, +∞), denote by ϕ its largest convex minorant, and by ϕ M the Mergelyan majorant, ϕ
Theorem 2. There exists a function ϕ vanishing on (−∞, 0] and increasing on the positive half-line such that lim t→+∞ ϕ(t)/t = ∞,
In other words, the functions log |P (exp t)| approximate ϕ below much better than linear functions do.
Starting with this ϕ, we define
Therefore, the first of the relations (6) implies inequality (5) , and the second one, via Theorem A, implies that the polynomials are dense in C(W 1 ). Thus, Theorem 1 follows from Theorem 2.
Lemma. For every A ≥ 0, ε > 0 there exist B < ∞ and a non-decreasing function ψ vanishing on (−∞, A] and linear on [B, +∞) such that lim
, for some constant L to be fixed below.
Proof of Theorem 2. Applying the Lemma with
Proof of the Lemma. We are going to find numbers D, G, B,
non-decreasing function ψ that vanishes on (−∞, A], is a constant on (A, G], and is linear on [B, +∞), and a function
where ν is a finite positive measure with support on [A, B], dν/dt ≤ Se t/2 for some constant S that does not depend on A and ε, such that
A standard argument permits us to produce a measure µ equal to a finite sum of positive integer point masses, supp µ ⊂ [A, B] , such that the function h µ (x) = log |e x−t − 1|dµ(t) approximates h ν :
where L depends only on S, |E| ≤ 1/2. The function P (x) = exp h µ (log x) is a polynomial, |P (x)| ≤ 1, 0 ≤ x ≤ 1, and the assertions of the lemma follow from
One way to get µ is to define µ(−∞, x] to be equal to the integral part of ν(−∞, x], x ∈ R, and to use the estimates for the Kjellberg-Kennedy-Katifi approximation method given in [6] , Section 10.5.3. Alternatively, we may use the Yulmuhametov approximation technique ([11], Theorem 2). As a result, the func-
where E is an exceptional set consisting of disjoint discs with finite sum of radii. This gives us (8) . Since dν/dt ≤ Se t/2 , the function Y (z) + S| Im z| is subharmonic in the plane, and, applying the maximum principle to this function, we get (7) .
In our construction we use some properties of a function r ∈ C(R)
The function r increases on (−∞, log 2] and decreases on [log 2, +∞), r ∈ L 1 (R). An elementary calculation using integration by parts shows that 
